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ABSTRACT
The orientational instability of the director field in a homeotropically oriented flexoelectric
nematic liquid crystal (NLC) cell under an electric field is theoretically analyzed, focusing on
its impact on surface plasmon polariton (SPP) propagation. The electro-induced transition of
the director from the homeotropic to the planar state, and vice versa, may involve up to two
hysteresis loops, with the number and parameters of these loops determined by the NLC cell
parameters, particularly the flexoelectric ones. It is shown that orientational instability of the
initial homeotropic state has a threshold only if the flexoelectric coefficient e3 is zero. Increasing
the magnitude of e3 and adjusting e1 based on the sign of e3 lowers the threshold voltages
for director reorientation compared to non-flexoelectric NLCs. The propagation of SPPs in a
metal–polymer–NLC system is theoretically studied, revealing the influence of applied voltage
and NLC parameters on the SPP effective refractive index. An increase in the absolute value of
e3 narrows the voltage range for tuning the effective refractive index and shifts the voltage range
to lower voltages. Increasing the value of e1 shifts the voltage range towards higher voltages if
e3 is negative, and towards lower voltages otherwise.

KEYWORDS
nematic liquid crystal; flexopolarization; orientational instability; hysteresis of the
orientational transition; surface plasmon polariton; anchoring energy

1. Introduction

Intensive scientific research in the field of liquid crystal (LC) physics has led to their widespread
practical applications, particularly in physics, medicine, and industry [1,2]. The use of LC cells as
components of various electro-optical devices is associated with their relatively low cost and their
unique electro- and magneto-optical properties [3–6]. These properties are closely related to the
orientational ordering of the mesophase and significantly depend on the boundary conditions
for the director on the confining surface of the cell [7–9]. Due to the long-range interactions
between LC molecules, the influence of the surface extends into the volume of the LC sample,
creating a certain orientational order within it [10–14]. This ordering can be relatively easily
controlled thanks to the high sensitivity of LCs to external fields (electric, magnetic, or light)
[15–20]. As a result, the optical properties of the entire LC cell can be non-invasively altered.
This makes LC systems a promising tool for the effective and easy control of the propagation
and transmission of electromagnetic signals.

As it turns out, orientational transitions induced by an external field in the volume of LCs,
particularly nematic ones, can be accompanied by hysteresis, which manifests in bistability [21–
24] and multistability [25,26] of the director field. Such features of orientational restructuring
of nematic liquid crystals (NLCs) can occur in both a constant electric [27] and light [21,28,29]
field. This expands the prospects of using NLC systems in the creation of highly efficient bistable
displays, optical shutters, and the like. Modern laboratory and technological applications have
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opened possibilities for effectively controlling the optical and spectral properties of photonic
crystals [30,31], waveguides [32], and other applications by using NLC layers in them as control
elements.

In the case of significant asymmetry of NLC molecules, the flexoelectric effect plays an
important role in the interaction of the latter with the electric field [33,34]. This effect can sig-
nificantly influence the characteristics of electro-induced orientational transitions, particularly
the threshold voltage values and the dynamics of the reorientation of the director field [8]. In
particular, in [35], it was shown that the use of flexoelectric NLC in an in-plane switching (IPS)
configuration can lead to improvements in the energy efficiency of modern displays. A detailed
study of the influence of flexopolarization in NLC cells of different configurations is especially
important due to the possibility of enhancing/weaking the flexoelectric properties of NLC by
adding special dopants to it [36].

Recently, LCs, particularly NLCs, has been widely used for dynamic control of the charac-
teristics of plasmonic structures [37–41]. As is known, under certain conditions, surface plasmon
polaritons (SPPs) can be excited at the metal – insulator interface. The increased sensitivity of
the latter to small changes in the dielectric permittivity of the medium on one side, and the high
sensitivity of NLC to the influence of external fields on the other, found a successful combination
in a three-layer NLC – polymer layer – metal system. This structure allows for the control of
the propagation characteristics of SPPs, particularly the value of its effective refractive index,
by changing the orientation of NLC with an external field [42–47]. The ability to control the
propagation characteristics of SPPs using NLCs has opened the way for the creation of spatial
light modulators [48,49], spectral filters [50–52], light intensity modulators [53,54], gratings with
controlled transmission coefficients [55], and more.

In this work, the influence of orientation instability of the director field in a homeotropic
flexoelectric NLC cell induced by an external electric field on the characteristics of plasmon
polariton propagation on the cell surface is theoretically investigated. The work is organized as
follows. In section 2, the model is described, and the free energy of the NLC cell is formulated.
In the approximation of planar deformations, equations for the director angle and boundary
conditions for it are derived. Solutions are found in quadratures. Section 3 presents the results
of numerical calculations of possible director orientation transitions in the volume of the NLC,
in particular hysteresis transitions, with an increase/decrease in the applied potential differ-
ence. The values of the hysteresis parameters (threshold voltages, width, and amplitude) are
established depending on the values of the NLC cell parameters, in particular, the flexoelectric
coefficients. Section 4 investigates the influence of the NLC cell parameters on the number of
hysteresis loops and their existence regions. In section 5, the propagation of SPP in a three-
layer system NLC – polymer film – metal is theoretically considered. The value of the effective
refractive index of the SPP is calculated depending on the voltage, the thickness of the polymer
layer, and the parameters of the NLC layer, particularly the flexoelectric ones. Discussion of
the results and brief conclusions are presented in section 6.

2. Free energy of the NLC and the equations for the director

Let us consider a plane-parallel cell of flexoelectric NLC, confined by the planes z = 0 and
z = L, with an initial homeotropic orientation of the director along the Oz axis. The cell is in a
constant electric field with the electric field vector E0 oriented along the Ox axis. The electric
field is created by a constant potential difference U over the length d of the cell. The anchoring
of the NLC with the surface at z = L of the upper substrate is considered infinitely strong.
The anchoring energy of the NLC with the surface at z = 0 of the lower substrate is finite and
equals W .

The free energy of the NLC cell is written as

F = Fel + FE + FS , (1)
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Fel =
1

2

∫
V

{
K1(divn)

2 +K2(n · rotn)2 +K3[n× rotn]2
}
dV,

FE =

∫
V

(
− 1

8π
Eϵ̂E−PE

)
dV,

FS = −W

2

∫
S

(en)2 dS, W > 0.

Here, Fel is the elastic energy of the NLC, FE represents the anisotropic and flexoelectric
contributions to the free energy due to the interaction of the NLC with the electric field, and
FS is the interaction energy of the NLC with the surface at z = 0 of the lower substrate,
written in the form of the Rapini potential [56], K1, K2, K3 are the elastic constants, n is the
director, and E is the electric field vector in the NLC volume. The tensor ϵ̂ = ϵ⊥1̂ + ϵan ⊗ n
represents the static dielectric permittivity, where ϵa = ϵ∥ − ϵ⊥ > 0 is the dielectric anisotropy.
The flexoelectric polarization vector of the NLC is given by P = e1ndivn− e3[n× rotn], with
e1 and e3 being the flexoelectric coefficients, and the vector e = (0, 0, 1) describes the axis of
easy orientation of the NLC director at the surface z = 0.

In the considered geometric configuration of the initially uniform director field and the
external electric field, the orientational instability of the director field can manifest both as a
planar deformation and as a formation of a spatially periodic structure [57]. We will consider
planar deformations of the NLC director field that lie in the xOz plane. The condition for the
deformations of the latter type is ϵaK2/4π(e1 − e3)

2 ⩾ 1, as in [57]. Due to the homogeneity of
the system in the direction of the Oy axis, the director in the volume of the NLC can be written
as

n =
(
sin θ, 0, cos θ

)
, (2)

where θ(z) is the angle of deviation of the director from its initial orientation along the Oz axis.
It is clear that the equation for the director must be considered in conjunction with the

equations for the electric field in the NLC volume. Assuming the system is homogeneous in
the direction of the Ox axis, the electric field vector in the NLC volume can be written as
E =

(
Ex(z), 0, Ez(z)

)
. According to the equation rotE = 0, the Ex component of the vector E

is constant, and due to the boundary conditions of electrostatics, Ex = U/d. From the equation
divD = 0, it follows that the z-component of the electric displacement vector D = ϵ̂E+4πP is
constant and equal to 0, according to the boundary conditions of electrostatics. From this, we
find the expression for the z-component of the E vector,

Ez = − 1

ϵzz

(
ϵxz

U

d
+ 4πPz

)
,

where ϵxz and ϵzz are the components of the tensor ϵ̂. Consequently, the free energy F per unit
area of the cell surface (1) can be written as:

F =

L∫
0

[
1

2

(
K1 sin

2 θ +K3 cos
2 θ

)
θ

′2
z −

ϵ∥ϵ⊥U
2

8πd2ϵzz
+

U

d

(ϵxz
ϵzz

Pz − Px

)
+

+ 2π
P 2
z

ϵzz

]
dz − W

2
cos2 θ0,

(3)
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where θ0 = θ(z = 0) is the angle of deviation of the director on the lower surface of the cell.
Here, Px = (e3 cos

2 θ − e1 sin
2 θ) θ′z, and Pz = −(e1 + e3) sin θ cos θ · θ′z.

Through the minimization of the free energy (3) with respect to the angle θ, we obtain the
equation

(
K1 sin

2 θ +K3 cos
2 θ

)
θ′′zz +

1

2
(K1 −K3)θ

′2
z sin 2θ +

ϵ∥ϵ⊥U
2

4πd2
ϵxz
ϵ2zz

+

+
π(e1 + e3)

2

ϵzz

(
θ′2z sin 4θ +

ϵxz
ϵzz

θ′2z sin2 2θ + θ′′zz sin
2 2θ

)
= 0

(4)

and the corresponding boundary conditions[(
K1 sin

2 θ +K3 cos
2 θ

)
θ′z +

U

θ′zd

(ϵxz
ϵzz

Pz − Px

)
+

+
π(e1 + e3)

2

ϵzz
θ′z sin

2 2θ − W

2
sin 2θ

]
z=0

= 0,

(5)

θ|z=L = 0, (6)

where primes in the function θ(z) denote derivatives with respect to the argument z. The
solution of equation (4), which satisfies the boundary conditions (5), (6), determines the NLC
director field n in the cell volume for a given potential difference U .

Integrating equation (4) with respect to the variable z, we obtain((
K1 sin

2 θ +K3 cos
2 θ

)
(ϵ⊥ + ϵa cos

2 θ) + π(e1 + e3)
2 sin2 2θ

)
θ′2z =

=
ϵ∥ϵ⊥ϵaU

2

4πd2
cos2 θ − cos2 θm
ϵ⊥ + ϵa cos2 θm

,
(7)

where θm is the maximum value of the function θ(z) on the interval 0 ⩽ z ⩽ L, which is reached
at z = zm. It is clear that the angle θ(z) of the director’s deviation is a continuous and non-
monotonic function of the coordinate z. Integrating equation (7) once more with respect to the
variable z, taking into account the condition (6), we obtain the expression for determining the
dependence θ(z):

z = χ(zm − z)
d

U

√
4π (ϵ⊥ + ϵa cos2 θm)

ϵ∥ϵ⊥ϵa

θ∫
θ0

S(θ, θm) dθ+

+ χ(z − zm)

L− d

U

√
4π (ϵ⊥ + ϵa cos2 θm)

ϵ∥ϵ⊥ϵa

θ∫
0

S(θ, θm) dθ

 ,

(8)

where the function χ(t) = 0 if t < 0 and χ(t) = 1 if t > 0, and the function S(θ, θm) is given by
the expression

S(θ, θm) =

√
(K1 sin

2 θ +K3 cos2 θ)(ϵ⊥ + ϵa cos2 θ) + π(e1 + e3)2 sin
2 2θ

cos2 θ − cos2 θm
dθ. (9)

Taking into account condition (5), the maximum director angle θm, the value of the coordi-
nate zm at which it is reached, and the director angle θ0 at the surface z = 0 are determined
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Figure 1. Dependencies of the maximum angle θm ( ) and the surface director angle θ0 ( ) on the applied voltage U

in the case of e1 = e3 = 0.

from the following system of equations:

zm =
d

U

√
4π (ϵ⊥ + ϵa cos2 θm)

ϵ∥ϵ⊥ϵa

θm∫
θ0

S(θ, θm) dθ, (10)

zm = L− d

U

√
4π (ϵ⊥ + ϵa cos2 θm)

ϵ∥ϵ⊥ϵa

θm∫
0

S(θ, θm) dθ, (11)

ϵ∥ϵ⊥ϵaU
2

4πd2

[
(K1 sin

2 θ0 +K3 cos
2 θ0)(ϵ⊥ + ϵa cos

2 θ0) + π(e1 + e3)
2 sin2 2θ0

]
(cos2 θ0 − cos2 θm)

(ϵ⊥ + ϵa cos2 θ0)2(ϵ⊥ + ϵa cos2 θm)
=

=

[
W

2
sin 2θ0 +

U

d

(
ϵa(e1 + e3)

sin2 θ0 cos
2 θ0

ϵ⊥ + ϵa cos2 θ0
+ e1 sin

2 θ0 + e3 cos
2 θ0

)]2
.

(12)

The given system of equations (10)–(12) allows only numerical solutions.

3. Electrically induced reorientation of the director field

In Figs. 1 and 2, the dependencies of the maximum director deviation angle θm and the sur-
face director angle θ0 on the applied voltage U are shown for the dimensionless anchoring
energy w = WL/K3 = 10, both in the absence and presence of flexoelectric properties in the
NLC, respectively. The calculations were performed using typical parameters of an NLC cell:
K1 = 1.43 · 10−6 dyn, K3 = 1.59 · 10−6 dyn, ε∥ = 19.54, ε⊥ = 5.17 [43,58–60], L = 12 µm,
and d = 1 mm. The unstable solutions of equations (10)–(12) are marked with dotted lines,
and possible transitions between director states are indicated by arrows. It should be noted
that the system of equations (10)–(12) has both sign-constant and sign-changing solutions with
one or more nodes—similar to the classical problem of string oscillations. Although some of
the sign-changing solutions are stable, the corresponding director states are not reached by

5



(a) (b)

Figure 2. Dependencies of the maximum angle θm ( ) and the surface director angle θ0 ( ) on the applied voltage U .
a) e1 = 0.0001 dyn1/2, e3 = 0; b) e1 = 0, e3 = −0.0001 dyn1/2.

transitioning from the initial homeotropic configuration when varying the voltage. Therefore,
we will not consider such solutions further. In general, as the voltage U increases from zero,
the system undergoes an orientational transition from a uniformly oriented homeotropic state
to a significantly non-uniform state, followed by a transition to a uniform planar state. This
transition can be accompanied by one or two hysteresis loops (see Figs. 1, 2), specifically near
the initial homeotropic and final planar states. In the presence of hysteresis, as the voltage U
increases and reaches the threshold value Uth, the system abruptly transitions from a uniform or
an almost uniform homeotropic state to a significantly non-uniform one, and subsequently from
the non-uniform state to a planar state. When the voltage U decreases, the reverse transitions
are also abrupt but occur at lower threshold values U ′

th < Uth.
It should be noted that in the presence of flexopolarization in the NLC, the dependence

of the director angle θ on the applied voltage U (see Fig. 2) differs significantly from the
case where the NLC lacks flexoelectric properties (Fig. 1). In the latter case (e1 = e3 = 0),
the dependencies θ(U) are symmetric with respect to the transformation θ → −θ. This is a
direct consequence of the corresponding symmetry of the free energy with respect to such a
transformation. However, in the presence of flexoelectric properties in the NLC, the symmetry
of the θ(U) dependence with respect to the transformation θ → −θ is lost. This can be explained
by the fact that when the sign of θ is changed, the curvature of the director profile is reversed.
Consequently, the flexoelectric polarization vector also reverses its direction. As a result, the
presence of flexoelectric polarization in one case leads to an increase in free energy, while in
another case – on the contrary – to its decrease.

The flexoelectric coefficients e1 and e3 affect the θ(U) dependence in distinct ways. In order
to illustrate this difference, we consider the approximation of small deformations of the direc-
tor field near the initial homeotropic state by limiting ourselves to the linearized version of
equation (4)

K3θ
′′
zz +

ϵaϵ⊥U
2

4πϵ∥d2
θ = 0, (13)

with the boundary conditions (5), (6) for this equation[
K3θ

′
z −

e3U

d
−Wθ

]
z=0

= 0, θ
∣∣
z=L

= 0. (14)

For e3 = 0 and e1 ̸= 0, the solution θ(U) of the linearized problem (13), (14) (see Fig. 2a)
coincides with that in the absence of flexoelectric properties in the NLC. Therefore, in the
case of e3 = 0 (see Figs. 1, 2a), as the applied voltage U increases from zero, the orientational

6



Figure 3. The dependence of the dimensionless threshold voltage κth on the dimensionless anchoring energy w.

transition of the system from the initial uniform homeotropic state to a non-uniform state has
a threshold. The direction of the system’s transition towards positive or negative angles θ is
random and determined by fluctuations of the director field at the moment when the voltage U
reaches its threshold value Uth. The threshold voltage Uth, found from the expressions (13),
(14), is determined by the smallest positive root κth of the equation:

tanκ = −κ/w, (15)

where κ = U
√

ϵaϵ⊥L2/(4πϵ∥d2K3). The calculated dependence of the dimensionless threshold

voltage κth on the anchoring energy w of the NLC with the substrate surface is shown in Fig. 3.
Non-zero values of the flexoelectric coefficient e1 have little effect on the hysteresis parame-

ters of the transition between the homeotropic and non-uniform states but lead to a significant
change in both the width of the loop and the position of the hysteresis in the transition between
the non-uniform and planar states. In particular, an increase in the absolute value of |e1| leads to
an increase in the hysteresis width of the transition between the non-uniform and planar states
and its shift toward lower voltage values when θe1 < 0, and to a shift of the hysteresis toward
higher voltage values and a decrease in its width, up to the disappearance of the hysteresis when
θe1 > 0. Overall, the impact of the flexoelectric coefficient e1 on the director’s stationary states
becomes significant as the system moves away from the initial homeotropic configuration of the
director.

The influence of the flexoelectric coefficient e3 on the nature of the θ(U) dependence is most
pronounced in the region of small director deviations from the initial homeotropic state (see
Fig. 2b). In the case of e3 ̸= 0, the linearized equation (13) with respect to the angle θ becomes
non-homogeneous, which corresponds to a thresholdless reorientation of the director from the
initial homeotropic state to a non-uniform state as the applied voltage U increases from zero. As
seen from (13), the symmetry of the system with respect to the transformation θ → −θ is broken.
As a result, only one of the possible directions of the director’s deviation (θ < 0 or θ > 0) from
the initial homeotropic state is realized, depending on the sign of the flexoelectric coefficient e3.
If e3 > 0, then states with θ ⩽ 0 are realized, while states with θ > 0 cannot be reached by
continuously varying the applied voltage. Conversely, for e3 < 0, states with θ ⩾ 0 are realized,
while states with θ < 0 are unattainable.

It should be noted that in both cases—small values of the flexoelectric coefficients e1 and e3,
as well as in the absence of flexoelectric properties in the NLC—the system’s behavior is quali-
tatively similar. In particular, for small values of the flexoelectric coefficients and in the absence
of flexoelectric properties in the NLC, the threshold voltages for the abrupt reorientation of
the director from the uniform or weakly deformed homeotropic state to a significantly non-

7



Figure 4. Dependence of the director surface angle θ0 on the applied voltage U for the flexoelectric coefficients e1 and e3
corresponding to NLCs TL-216 ( ), 5CB ( ), and in the case of e1 = e3 = 0 ( ).

uniform one differ by about 10 V (see Figs. 2a and 2b). At the same time, non-zero values of
the flexoelectric coefficient e3, regardless of its sign, lead to a reduction in the threshold voltage
for reorientation from the initial homeotropic state to a non-uniform one. An increase in the
absolute value of |e3| leads to a decrease in the hysteresis width of the orientational transition
between the non-uniform and planar states, as well as a shift of the hysteresis toward lower
voltage values.

In Fig. 4, the dependence of the director surface angle θ0 on the applied voltage U
is shown for the flexoelectric coefficient values corresponding to the liquid crystals TL-216
(e1 = 0.000021 dyn1/2, e3 = 0.000009 dyn1/2) and 5CB (e1 = −0.00015 dyn1/2, e3 =

−0.00024 dyn1/2)[61]. For comparison, the θ0(U) dependence is also shown for the case where
the NLC lacks flexoelectric properties. Overall, the contribution of non-zero values of both
flexoelectric coefficients e1 and e3 to the dependence of the director angle on the voltage is
qualitatively described by the combination of the previously analyzed contributions from each
coefficient individually. Thus, the positive value of the e3 coefficient for TL-216 and the negative
value of e3 for 5CB result in negative angles of director deviation from the initial homeotropic
state being realized for TL-216, and only positive angles for 5CB. Since the signs of e1 and e3
coincide for both liquid crystals, the non-zero value of e1 shifts the θ0(U) curve towards lower
voltage values in the region of large director deviations from the initial state θ = 0. At the
same time, the width and amplitude of the hysteresis in the orientational transition between
the non-uniform and planar states increase.

The non-zero value of the coefficient e3 shifts the θ0(U) dependence toward lower voltage
values and narrows the hysteresis width of the transition between the homeotropic and non-
uniform states. It should be noted that for the 5CB NLC, with the chosen cell parameters, the
shift in the hysteresis of orientational transitions between the weakly non-uniform homeotropic
and non-uniform states, as well as between the planar and non-uniform states, is so pronounced
that it causes an overlap of these hysteresis loops, forming a region of stable θ0(U) solutions
in the voltage range around 110 ÷ 140 V. It is important to note that this region cannot be
reached by the system as the applied voltage increases from zero. When the voltage reaches
around 145 V (see Fig. 4), the system reorients from the uniform homeotropic state directly into
the planar state, bypassing the non-uniform state. Similarly, this region of the θ0(U) solution is
also unreachable by decreasing the voltage from values above 150 V, since the solution transitions
directly to the homeotropic state at U ≈ 87 V. Overall, the contribution of non-zero flexoelectric
coefficients is most significant in the regions of very small (|θ0| ≲ 0.02π) and large (|θ0| ≳ 0.2π)
director angles at the cell surface. This contribution becomes more pronounced as the absolute
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Figure 5. Dependence of the maximum director angle θm ( ) and the surface director angle θ0 ( ) on the applied

voltage U . ϵ∥ = 8, ϵ⊥ = 5.17, e1 = 0.0001 dyn1/2, e3 = −0.0001 dyn1/2.

values of the flexoelectric coefficients of the NLC increase.
It should be noted that there is also a possible case where the electrically induced orien-

tational transition of the NLC director field from the homeotropic to the planar state occurs
without any hysteresis. Such a transition is realized, for example, with a lower value of dielectric
anisotropy in the NLC, as in [46]. In Fig. 5, the dependencies of the angles θm and θ0 on the
applied voltage U are shown for a significantly decreased value of the dielectric tensor’s parallel
component ϵ∥ = 8. Due to the resulting reduction in dielectric anisotropy, the orientational
transitions occur at higher voltage values and are not accompanied by hysteresis.

4. Regions of hysteresis existence

As calculations show, the number of hysteresis loops of the electro-induced orientational transi-
tion in the system and the regions of their existence are sensitive to small changes in the values
of the parameters of the NLC cell, namely, the anchoring energy w = WL/K3 of the latter with
the surface, the elastic constant ratios k = K1/K3, and the values of the flexoelectric coeffi-
cients e1 and e3 of the NLC. Thus, in Fig. 6, diagrams of the number of hysteresis loops of the
function θ(U) are presented depending on the magnitude of the ratio k of the elastic constants
and the value of the anchoring energy w in the absence (Fig. 6a) and presence (Fig. 6b, c, d)
of flexoelectric properties in the NLC. In the absence of flexoelectric properties in the NLC
(Fig. 6a), the boundaries of the region of coexistence of two hysteresis loops are almost linear,
0.4 ≲ k ≲ 0.3w−0.7. Increasing the anchoring energy w leads to a rapid expansion of the region
of existence of two hysteresis loops in terms of the parameter k values. For values w ≲ 0.3, only
one hysteresis loop can exist regardless of the value of the parameter k. It should be noted
that Fig. 6a corresponds to director deviations both toward negative and positive values of the
director angle θ due to the symmetry of the problem with respect to the transformation θ → −θ.

Fig. 6b corresponds to director deviations toward negative values of the angle θ for the
case of e1 = 0, e3 = 0.0001 dyn1/2. As the absolute value of the coefficient |e3| increases, the
region of coexistence of two hysteresis loops, 0.6 ≲ k ≲ 0.3w− 0.8, narrows with respect to the
parameter k. At the same time, the boundaries of this region remain almost linear. It should
be noted that the positive values of θ are not realized for e3 > 0.

The presence of a non-zero value of the coefficient e1 = 0.0001 dyn1/2 in the NLC (with e3 =
0, θ > 0, Fig. 6c) leads to a narrowing of the region of coexistence of two hysteresis loops,
1 ≲ k ≲ 0.3w−0.5, with respect to the parameter k for positive values of the angle θ, compared
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(a) (b)

(c) (d)

Figure 6. The number of hysteresis loops in the dependence θ0(U) as a function of the anchoring energy magnitude w

and the value of the parameter k = K1/K3. (a) e1 = e3 = 0, θ ⩾ 0; (b) e1 = 0, e3 = 0.0001 dyn1/2, θ ⩽ 0; (c)
e1 = 0.0001 dyn1/2, e3 = 0, θ ⩾ 0; (d) e1 = −0.0001 dyn1/2, e3 = 0, θ ⩾ 0.

to the case e1 = e3 = 0. For negative values of θ or for negative values of the coefficient e1 =
−0.0001 dyn1/2 (these two cases are identical due to the symmetry of the problem with respect
to the simultaneous change in the signs of the flexoelectric coefficients and the director angle),
the corresponding region of coexistence of two hysteresis loops expands with respect to the
parameter k, but shifts to smaller values compared to the case e1 = e3 = 0 (Fig. 6d).

In the case of non-zero values of both flexoelectric coefficients e1 and e3, the overall picture
in terms of the number of hysteresis loops in the system becomes significantly more complex.
Coefficients e1 and e3 of opposite signs reduce the widths of the hysteresis loops of orientational
transitions between the non-uniform and planar states, and between the homeotropic and non-
uniform states, respectively, thus narrowing the region of parameter values k and w where two
hysteresis loops exist. In the case of coefficients e1 and e3 having the same sign, the contribution
of the coefficient e1 is opposite to the contribution of e3 in terms of the number of hysteresis
loops, and such a problem requires separate investigation for specific values of e1 and e3.
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Figure 7. Structure of NLC – polymer layer – metal. Surface plasmon-polaritons can propagate at the polymer layer –
metal interface.

5. Plasmon oscillations on the surface of the NLC cell

Let one of the polymer substrates of the cell with thickness Ld externally border with a metal
layer. In such a system NLC – polymer – metal, under appropriate conditions, surface plasmon-
polaritons (SPPs) can be excited at the polymer – metal interface. The propagation of SPPs in
such a structure will be described in a Cartesian coordinate system, where the Oz axis is directed
toward the NLC, and the xOy plane is aligned with the polymer-metal interface. The Ox axis
is oriented in the direction of SPP propagation (see Fig. 7).

The electromagnetic field of the SPP will be considered as a monochromatic wave with
frequency ω, E(r, t) = E(r)e−iωt, H(r, t) = H(r)e−iωt. If the polymer substrate is sufficiently
thin, the electromagnetic field of the SPP will penetrate into the NLC and, accordingly, will
be influenced by the director field distribution in the latter. The amplitudes of the electric
and magnetic field oscillations of the SPP, due to its localized nature, decay exponentially as
the distance from the polymer-metal interface increases. Therefore, the effect of the bounding
substrate on the opposite side of the NLC layer on the SPP propagation parameters is negligibly
small due to the exponential decay of the electromagnetic field. For the calculation of the SPP
electromagnetic field, we will assume the NLC layer to be unbounded in the direction of the Oz
axis. Thus, the SPP propagation medium is modeled as a three-layer system consisting of an
isotropic homogeneous polymer layer, bounded on both sides by semi-infinite metal and NLC
layers. To account for the influence of the anisotropy and inhomogeneity of the NLC on the
SPP propagation, we will use perturbation theory [43,46]. In the zero-order approximation of
this theory, the electric E(r) and magnetic H(r) field vectors of the SPP are solutions of the
Maxwell equations in a homogeneous isotropic medium with dielectric permittivity.

ε0(z) = εmχ(−z) + εdχ(z), (16)

where εm, εd are the dielectric permittivities of the metal and the polymer, respectively, at
the frequency ω of SPP propagation. Here, χ(t) is the Heaviside function: χ(t) = 0 for t < 0
and χ(t) = 1 for t > 0. The electric and magnetic field vectors of the SPP, found in the zero-order
perturbation theory within the isotropic approximation, have the following form:

E0(x, z) =
cA

ωεm,d

(
±ikm,d, 0,−k0

)
eixk0∓zkm,d ,

H0(x, z) =A (0, 1, 0) eixk0∓zkm,d ,

(17)
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where A is the amplitude factor, and the indices m and d denote the media of the metal (z < 0)
and polymer (z > 0), respectively. The propagation constants k0 and km,d are expressed through
the dielectric permittivities of the metal εm and the polymer εd as follows:

k0 =
ω

c

√
εdεm

εd + εm
, km,d =

ω

c

√
−

ε2m,d

εd + εm
. (18)

The anisotropy and inhomogeneity of the NLC are taken into account as a perturbation
of the zero-order approximation (17). To do this, we express the dielectric permittivity of the
three-layer structure in the following form:

ε̂(z) = ε0(z)1̂+ η
(
εc1+ εan⊗ n

)
χ(z − Ld), η ≪ 1, (19)

where εa = ε∥ − ε⊥, εc = ε⊥ − εd, where ε∥ and ε⊥ are the components of the dielectric permit-
tivity tensor of the homogeneous NLC parallel and perpendicular to the director, respectively,
at the frequency ω.

The solution of the system of Maxwell’s equations in a medium with the dielectric permit-
tivity tensor ε̂(z) (19) is sought for the electric and magnetic field vectors of the SPP as an
expansion in terms of the small parameter η:

E =E0 + ηE1 + o(η),

H =H0 + ηH1 + o(η),
(20)

where the corrections E1 and H1 account for the anisotropy and inhomogeneity of the NLC
layer. Solving the equations for E1 and H1, in the linear approximation with respect to η, we
find the correction to the zero-order approximation n0

eff = ck0/ω of the effective refractive
index of the SPP. As a result, the latter takes the form

neff =
ck0
ω

(
1 +Ne−2kdLd

)
, (21)

where

N =
εmεc

2 (εd + εm) εd
− (εd + 2εm) εmεa

6εd
(
ε2d − ε2m

) +
εmεa

2εd (εd − εm)
−

− εmεakde
2kdLd

εd (εd − εm)

∞∫
Ld

sin2 θ(z − Ld) e
−2kdz dz.

(22)

Expression (21) gives the value of the effective refractive index of the SPP for an arbitrary
director profile in the volume of the NLC.

In Fig. 8, the dependence of the effective refractive index neff of the SPP on the applied
voltage U is shown for the case where gold is used as the metal. The calculations were performed
in the optical range at a wavelength of λ = 800 nm for the following values of the dielectric
constants of gold, the polymer, and the liquid crystal mixture E7: εm = −26.43, εd = 2.81,
ε∥ = n2

e = 2.92, ε⊥ = n2
o = 2.28, which were obtained using interpolation formulas [44,62].

Regardless of the values of the flexoelectric coefficients of the NLC, the dependence neff (U)
is a piecewise continuous decreasing function. The regions of continuous variation of neff are
bounded by discontinuity points associated with the abrupt reorientation of the director as the
voltage U changes.

In the case of e1 = e3 = 0, the NLC is oriented almost homeotropically throughout the entire
thickness of the cell, as long as the applied voltage U does not exceed the threshold value of the
orientational instability, Uth1 ≈ 165 V. Therefore, the refractive index of the SPP propagating
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along the surface of the cell is approximately neff ≈ 1.78 and remains almost independent of U
within this range (see Fig. 8). As the voltage increases and reaches the threshold value Uth1, an
abrupt orientational transition occurs in the system, where the director field switches from a
uniform homeotropic state to a significantly non-uniform one. As a result, the effective refractive
index of the SPP decreases abruptly. With a further increase in voltage within the range of
approximately 165÷180 V, the effective refractive index of the SPP gradually decreases while the
non-uniform director profile remains stable. Another abrupt decrease in the effective refractive
index occurs when the voltage reaches the second threshold value Uth2 ≈ 180 V. At this point,
the director field in the NLC volume abruptly reorients to a planar state. When the voltage
decreases from values higher than Uth2, the reverse abrupt changes in the effective refractive
index of the SPP occur at lower threshold voltages U ′

th < Uth. This indicates the presence
of hysteresis in the value of neff as the voltage U changes. The presence of two hysteresis
loops in the dependence of neff (U) is a direct consequence of the two hysteresis loops in the
orientational restructuring of the NLC director field as the voltage changes (see Figs. 1, 2).
The magnitude of the change in neff within both hysteresis loops is primarily determined
by the magnitude of the change in the director orientation angle near the surface where the
SPP is excited. For e3 ̸= 0, the orientational transitions from the initial homeotropic state to
the significantly non-uniform state are threshold-free, meaning that an arbitrary increase in
the applied voltage results in a decrease of the effective index neff . However, for the voltages
U ≲ 110 V and U ≳ 180 V, the dependence neff (U) is almost constant, therefore the range of
voltage values at which the dependence neff (U) is sensitive to the applied voltage U is limited
to approximately 110÷180 V. Non-zero values of the flexoelectric coefficient e3 shift the neff (U)
dependence toward lower voltage values, regardless of the sign of the coefficient (see Fig. 8a).
At the same time, the voltage range where the neff (U) dependence is not constant narrows
from 110÷ 180 V to approximately 110÷ 170 V.

In the case of e1 ̸= 0 but e3 = 0, the dependence neff (U) has two possible branches
corresponding to the deviations of the director toward positive and negative values of the angles θ
(see Fig. 8b). The solution that is realized when the initial homeotropic state of the NLC
loses stability (Uth1 ≈ 165 V) is determined by the fluctuations of the director. If the director
deviates toward positive values of the angles θ, the neff (U) dependence shifts toward higher
voltage values U , while for negative values of θ, this dependence shifts toward lower values of U
compared to the case of e1 = e3 = 0.

It should be noted that the presence of flexoelectric properties in the NLC does not affect
the range ∆neff of possible variations in the values of the effective refractive index. This range
is obtained by substituting the solutions θ = 0 at U = 0 and |θ| ≈ π/2 at U → ∞ into relation
(21):

∆neff =

√
εdεm

εd + εm

|εm| εa
εd (εd − εm)

exp

(
− 2ωεdLd

c |εd + εm|

)
. (23)

In general, an increase in the voltage U leads to a decrease in the effective refractive in-
dex neff of the SPP, which can be explained as follows. As the voltage U increases from zero,
an orientational transition of the director field from the homeotropic to the planar state oc-
curs within the NLC volume. Since the E vector of the electric field of the SPP predominantly
oscillates along the Oz axis, the refractive index of the NLC experienced by the SPP changes
from ne to no. This results in a decrease in the neff of the SPP.

In Fig. 9, the dependencies of the effective refractive index neff of the SPP on the voltage U
are shown for flexoelectric coefficients corresponding to the liquid crystals TL-216 and 5CB.
An increase in the absolute values of coefficients e1 and e3 shifts the orientational transitions
toward lower voltage values of U . The width of the hysteresis loop bounded by transitions 1 and
1′ decreases, while the hysteresis loop bounded by transitions 2 and 2′ increases (see Fig. 9).
For the NLC 5CB, with the applied cell parameters, these changes result in an overlap of the
hysteresis loops of the orientational transitions between the homeotropic and non-uniform states
and between the planar and non-uniform states. As a result, the stable solution with neff values
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(a) (b)
Figure 8. Dependence of the effective refractive index neff of the SPP on the voltage U . Ld = 100 nm, λ = 800 nm,

e1 = e3 = 0 ( ). (a) e3 = 0.0001 dyn1/2, e1 = 0 ( ); (b) e1 = 0.0001 dyn1/2, e3 = 0, θ > 0 ( ), θ < 0 ( ).

Figure 9. Dependence of neff on the voltage U for flexoelectric coefficients corresponding to the NLCs TL-216 ( ),
5CB ( ), and for the case of e1 = e3 = 0 ( ). Ld = 100 nm, λ = 800 nm.
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(a) (b)
Figure 10. Dependence of the effective refractive index neff on the voltage U for different wavelengths λ (a) and polymer

film thicknesses Ld (b). e1 = 0, e3 = 0.0001 dyn1/2.

approximately ranging from 1.735 to 1.765 becomes inaccessible through either increasing or
decreasing the voltage U .

In Fig. 10a, the dependencies of the effective refractive index on the voltage for various
SPP wavelengths λ are shown. Changing the values of λ does not alter the hysteresis transition
voltages but does affect both the magnitude of neff and its range of variation ∆neff . Specifically,
increasing the wavelength λ leads to a decrease in neff and an expansion of the range of ∆neff

values.
The dependence of the SPP refractive index on the applied voltage for different polymer

film thicknesses Ld is shown in Fig. 10b. An increase in the thickness Ld results in a narrowing
of the range of variation ∆neff of the SPP effective refractive index with changing voltage.
Calculations indicate that the threshold voltages at which hysteresis transitions occur do not
depend on the thickness Ld of the polymer film.

If the refractive index nd of the polymer film lies within the range of the NLC refractive
index, specifically no ⩽ nd ⩽ ne, there exists a director field configuration in the cell volume
where the effective refractive index of the near-surface NLC layer approximates nd. In this case,
the system’s dependence on the thickness Ld of the polymer film vanishes. In Fig. 10b, this
scenario corresponds to the point (U ≈ 120 V, neff ≈ 1.77), where curves for different polymer
film thicknesses converge. For the given system parameters, this specific point corresponds to an
unstable solution and therefore will not be realized. However, for NLCs with slightly different
dielectric constants, a similar lack of dependence on the polymer film thickness Ld may occur
for a stable director field configuration.

6. Discussion and Conclusions

In the plane deformation approximation, the electro-induced orientational instability of the di-
rector in a cell of homeotropically oriented flexoelectric NLC has been theoretically investigated.
It has been established that the orientational transitions of the director field between the initial
homeotropic and non-uniform states, as well as between the non-uniform and planar states, dur-
ing the increase/decrease of the applied voltage U , may be accompanied by one or two hysteresis
loops, or may occur without hysteresis at all. The influence of the applied voltage U and the
cell parameters on these orientational transitions has been studied, specifically, the anchoring
energy w = WL/K3 of the NLC with the surface, the elastic constant ratio k = K1/K3 of the
NLC, and the flexoelectric coefficients e1 and e3 of the NLC.

For zero values of the flexoelectric coefficient e3 of the NLC, but with e1 ̸= 0, the orientational
transition of the system from the initial uniform homeotropic state to a non-uniform one has a
threshold for any anchoring energy w as the voltage U increases from zero. When the voltage
reaches the threshold value Uth, the direction of the director deviation, whether toward positive
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or negative values of the angle θ, is random and determined solely by fluctuations in the director
field. Conversely, in the case where e1 = 0 but e3 ̸= 0, the reorientation of the NLC from the
initial uniform homeotropic state to a non-uniform one occurs without a threshold as the voltage
increases from zero. In this case, only one direction of the director deviation is realized—either
toward positive or negative values of the angle θ. The sign of θ is determined by the sign of
the flexoelectric coefficient e3, sign(θ) = −sign(e3). This is a consequence of the symmetry
breaking of the problem with respect to the substitution θ → −θ, which occurs near the initial
homeotropic state.

Non-zero values of the coefficient e1 shift the voltage dependence θ(U) of the director angle
toward higher values of U when θe1 > 0 and toward lower values of U in the opposite case, θe1 <
0. In this case, the width and amplitude of the hysteresis of the orientational transition between
the non-uniform and planar states increase, while the hysteresis parameters of the transition
between the non-uniform and homeotropic states remain largely unchanged. Meanwhile, a non-
zero value of the flexoelectric coefficient e3 shifts the dependence θ(U) toward lower voltages
and narrows the hysteresis width of the transition between the homeotropic and non-uniform
states, with little impact on the hysteresis parameters of the transition between the planar
and non-uniform states. Increasing the absolute value of the coefficient |e3| and the magnitude
of e1sign(e3) in the NLC reduces the threshold voltages for the abrupt reorientation of the
director compared to the case without flexoelectric properties in the NLC. In general, when both
coefficients e1 and e3 are non-zero, their contributions to the dependence θ(U) are qualitatively
described by a combination of the contributions from each coefficient individually.

The influence of cell parameter values, particularly the flexoelectric coefficients of the NLC,
on the number of hysteresis transitions in the electro-induced orientational instability of the
director has been studied. Regardless of the presence of flexoelectric properties in the NLC,
both orientational transitions between the homeotropic and non-uniform states, as well as be-
tween the non-uniform and planar states, are accompanied by hysteresis within the parameter
range kth2(w) < k < kth1(w) (where kth2 < kth1). This “double” hysteresis region expands with
increasing values of the anchoring energy w. Outside of this region, only one hysteresis loop
of the director field’s orientational restructuring is realized in the system. Specifically, a single
hysteresis loop occurs for all values of the parameter k and for anchoring energies w below a
certain critical value wth, determined by the condition kth2(w) = kth1(w). Increasing the ab-
solute value |e3| and decreasing the magnitude of e1sign(e3) narrow the parameter ranges of k
and w for which both hysteresis loops of the orientational transitions between the homeotropic
and non-uniform states, and between the planar and non-uniform states, exist, compared to the
case where flexoelectric properties in the NLC are absent (e1 = e3 = 0).

The influence of an external electric field on the propagation conditions and parameter
values of the surface plasmon-polariton in an NLC – polymer – metal system has been studied.
The effective refractive index neff of the SPP has been calculated, and its dependence on the
applied voltage U , the polymer film thickness Ld, and the NLC layer parameters, specifically
the flexoelectric coefficients e1 and e3, has been investigated. Changes in the effective refractive
index neff of the SPP, caused by varying the voltage, may also be accompanied by one or two
hysteresis loops, resulting from the hysteresis in the dependence θ(U). It has been established
that neff increases with higher values of the NLC surface anchoring energy and decreases with
lower voltage and wavelength values.

Increasing the absolute value of the coefficient |e3| shifts the neff (U) dependence toward
lower voltage values and narrows the voltage range U over which the neff (U) dependence is
not constant. Increasing the value of e1 shifts the neff (U) dependence toward higher voltages U
when e3 < 0, and toward lower values of U when e3 > 0.

It should be noted that the range of variation in the SPP refractive index neff expands with
a decrease in the polymer film thickness and an increase in wavelength. The thinner the polymer
film and the longer the wavelength, the higher the values that neff of the SPP can achieve. If
the refractive index nd of the polymer film lies within the range of the NLC refractive index,
no ⩽ nd ⩽ ne, the dependence of neff on the polymer film thickness may disappear. This occurs
within the range of voltage values U where the effective refractive index of the near-surface NLC
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layer is close to nd.
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