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ABSTRACT

This study examines the electric field-induced orientational instability of the di-
rector in a homeotropically oriented nematic liquid crystal (NLC) cell. Transitions
from homogeneous homeotropic state to non-homogeneous state, and from non-
homogeneous to homogeneous planar state were investigated. These transitions have
a threshold and may exhibit hysteresis. Threshold voltages for these transitions
were calculated and regions of existence of hysteresis were determined depend-
ing on the cell parameters. Increasing anchoring energy narrows hysteresis range
for homeotropic to non-homogeneous transition and expands it for planar to non-
homogeneous transition. The impact of the external electric field on the conditions
and parameters of surface plasmon polariton (SPP) propagation in the Au-polymer
film—NLC system was theoretically investigated. The effective refractive index of
the SPP was found to increase with increasing anchoring energy of the NLC with
the polymer film and with decreasing wavelength and applied voltage.

KEYWORDS
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1. Introduction

Recent advancements in nematic liquid crystal (NLC) physics have led to widespread
utilization of NLCs in various fields owing to their unique electro-optical and magneto-
optical properties, particularly as a fundamental element in electro-optical and display
devices. Such properties of NLCs are closely related to the orientational ordering of
mesophase, which significantly depends on the conditions for the director on the bound-
ary of the cell. The influence of the substrate due to the interaction of NLC molecules
with it spreads into the bulk of NLC, resulting in a certain orientational arrange-
ment of the entire sample. The high sensitivity of NLC to external electric, magnetic
and light fields opens up wide opportunities for significant control of the orientational
ordering of mesophase, and as a result, the structural properties of the entire sample.

The main phenomenon behind the practical use of NLCs is the threshold orienta-
tional instability of the director. This instability can occur due to an external elec-
tric/magnetic field (known as the Fréedericksz transition) [1] or due to light (the optical
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Fréedericksz transition [2-5]). Both transitions are types of phase transitions that may
exhibit bistability [6-10] and multistability [11,12] effects. Ongoing studies include the
potential use of NLC layers as control elements in photonic crystals [13,14], waveg-
uides [15], as well as the possibility of controlling the Fréedericksz transition using
electrically controlled surface coupling [16-18].

Addition of a thin layer of metal, in particular, gold, and an optical prism with a
high refractive index to the thin polymer film, which is one of the bounding substrates
of a plane NLC cell, allows for generation of surface plasmon-polaritons (SPPs) at the
metal-polymer interface. SPP excitation at the metal-NLC interface was first demon-
strated in [19]. High sensitivity of the NLC to the influence of external fields opens
wide opportunities for manipulation of the SPP propagation properties. In particular,
[20] demonstrated the possibility of controlling the SPP wave vector by reorienting
the NLC with an applied voltage. The authors of [21,22] used SPP as a detector
of the director angle near the NLC surface, establishing that an accurate descrip-
tion of the NLC requires rejection of the approximation of absolutely rigid anchoring.
The ability to control the SPP dispersion using NLC systems opens up a variety of
ways of practical application of the latter such as a spatial light modulator [23], a
spectral filter [24-26] and a grating with tunable transmittance [27]. A thin layer of
polyvinylcarbazole (PVK) has recently become widely used as a polymer film, which
opens up the additional possibility of controlling the SPP characteristics by chang-
ing the illumination due to photorefraction. This expands the possibilities of using
photorefractive NLC cells in various types of spatial light modulators [28], beam cou-
plers [29,30]. A number of works [31-34] were devoted to the study of the influence of
the electric field induced reorientation of the director in hybrid and planar NLC cells
on the characteristics (in particular, the value of the refractive index) of SPP propaga-
tion. Particularly, [31] developed a theoretical approach for studying the peculiarities
of SPP propagation in a three-layer system consisting of metal, PVK, and hybrid
oriented NLC. The effect of plasmon resonance in an ensemble of gold nanoparticles
scattered on one of the substrates of the NLC cell on the light-induced reorientation
of the director was studied in [35].

In this work, the orientational instability of the director in the homeotropic cell
of the NLC in an external electric field is theoretically studied. It was established
that possible orientational transitions of the director from a homogeneously oriented
homeotropic state to a non-homogeneous state and from a non-homogeneous to a
homogeneous planar state are threshold and may be accompanied by hysteresis. The
values of the threshold voltages were calculated, the existence conditions and hysteresis
parameters of the specified orientational transitions of the system were determined,
and their dependence on the values of the NLC cell parameters was investigated.
The propagation of SPP in a three-layer Au—polymer film—NLC system is considered
theoretically. The value of the effective refractive index of the SPP was calculated
depending on the applied voltage, the thickness of the polymer film and the parameters
of the NLC layer.

2. Director field in the NLC cell

We consider a plane cell of a nematic liquid crystal, bounded by the planes z = 0
and z = L, with the initial uniform homeotropic orientation of the director along
the Oz axis (Fig. 1). The cell is in a constant uniform electric field Eg oriented along
the Ox axis. The electric field is induced by a constant potential difference U across
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Figure 1. Initial geometry of the NLC cell. The director is initially oriented along the Oz axis, and the
electric field is applied in the Ox direction.

the cell width d.
The free energy of the NLC cell can be written as:

F=F,;+ Fg+ Fg,
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Here F,; is the elastic energy of the NLC, Fg is the anisotropic contribution to the free
energy of the interaction of the NLC with the electric field, Fis is the surface free energy
in the form of the Rapini potential [36], K1, K2, K3 are elastic constants, n is the
director, E is the electric field in the NLC bulk, é = ¢, 1 +¢6,n®n, €, = €| —€L > 0are
the tensor and anisotropy of the static dielectric permittivity of the NLC, respectively,
W is the energy of the NLC anchoring with the surfaces z = 0, L of the bounding
substrates of the cell, e is a unit vector directed along the Oz axis which defines the
axis of easy orientation of the director on the substrates surface.

We consider plane deformations of the field of the NLC director, namely, those lying
in the plane xOz. Due to the homogeneity of the system in the Oy direction, we write
the director in the volume of the NLC as follows

n=i-sinf(z)+k-cosb(z), (2)

where i, k are the unit vectors of the Cartesian coordinate system.

The variational equations for the director must be solved in conjunction with the
equation for the electric field in the NLC bulk. Considering the system to be homoge-
neous in the Ox direction, the electric field vector in the NLC is written in the form
E = (E.(2),0,E.(z)). According to the equation rotE = 0, the component E, is
constant and due to the electrostatic boundary conditions is equal to E, = U/d. From
the equation div D = 0 follows that the component D, of the electric induction vector
is constant and equal to 0 according to the electrostatic boundary conditions. This
allows to determine the component F, = —e,,U/(€,.d) of the vector E. Accordingly,



the free energy functional F' (1) takes the form:
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where 6y = 0(z = 0), 0, = 6(z = L) are the deviation angles of the director on the
lower and upper surfaces of the cell, respectively, €., is the component of the static
permittivity tensor € of the NLC.

Minimization of the functional (3) by angle 6 leads to the equation

1 . 2 . . ee U
5([(1 — K3)sin20 -0, 4 (K, sin? 0 + K3 cos® )0, + W =0, (4)
zZzZ
and boundary conditions
[—2([(1 sin? 0 4+ K3 cos? 0) 9; + W sin 29] -0 =0, 5)
[2(K sin® @ + K3 cos® 0) 0, + W sin 26 =0,

where primes in the function 6 denote the derivative with respect to the argument z.

Due to the symmetry along the z coordinate, the angle of the director must satisfy
the condition 6(z) = #(L—=z). Then, one of the boundary conditions (5) can be replaced
by 0'(z = L/2) = 0 or an equivalent condition 0(z = L/2) = 0,,, — the maximum angle
of deviation of the director, which is reached in the middle of the cell. After integrating
the equation (4) twice over z and taking into account the boundary conditions (5), we
obtain the equation for the 0(z) dependence:
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where the maximum angle 6, the director and the angle 6y of the director on the
surface are determined from the system of equations:
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which can be solved only numerically.

Fig. 2 shows the calculated dependencies of the maximum angle 6, of the director
deviation and the angle 8y of the director at the surface of the cell on the applied
voltage U for the dimensionless anchoring energy w = W L/K3 = 10. The calculations
were performed for the values of the NLC cell parameters ) = 19, ¢, =5, K1 = 11 pN,
K3 =15pN, L = 10 um, d = 1 mm, which are close to the typical ones [37]. As can be
seen, when the voltage U in the system increases from zero, orientational transitions
occur first from a uniformly oriented homeotropic state to a non-homogeneous one,
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Figure 2. Dependencies of the maximum deviation angle 6., (a) and angle 6y (b) of the director at the
surface on the applied voltage U. Solid lines correspond to stable solutions, and dotted lines to unstable ones.

and then from a non-homogeneous to a homogeneous planar one. These transitions
are of a threshold nature and may be accompanied by hysteresis (see Fig. 2). In the
presence of the latter, when the voltage U reaches threshold values Uy, the system
undergoes a sudden transition from a homogeneous state to a non-homogeneous state
and vice versa. Note that when the voltage decreases, the inverse transitions also have
a threshold and occur at lower voltages: U, < Uy,. In general, with a change in the
value of the voltage in the system, two hysteresis of orientational transitions from
uniformly oriented homeotropic and planar states to non-homogeneous states can be
observed.

The specified orientational transitions significantly depend not only on the volt-
age U, but also on the values of the anchoring energy w of the NLC with the substrate.
Figure 3a shows the calculated dependence of the minimum 6y and maximum 6,, di-
rector angles on the anchoring energy w. With a relatively weak anchoring w < 1,
the distribution of the director in the bulk is planar and completely determined by
the electric field. When the value w increases from zero and reaches a threshold
value wyp1 =~ 4.8, the system switches from a uniformly oriented planar state to a
non-homogeneous one. At such values of w, the influence of the surface on the orien-
tational ordering of the NLC bulk can compete with the influence of the electric field.
A further increase of w leads to a decrease in the deformations of the director’s field,
and when the value wy,o & 5.4 is reached, the system undergoes a sudden transition
to the initial homeotropic state. When decreasing the values w from the region of
strong anchoring w 2 10, the system from the homogeneous homeotropic state re-
turns to the planarly oriented state upon reaching wj,, ~ 1.3, thereby bypassing the
non-homogeneous state. Note that the non-homogeneous state can be realized only by
increasing the value w from the region of weak anchoring w < 1. The inverse transi-
tion from a non-homogeneous oriented state to a planar one occurs at values of the
anchoring energy wy,; ~ 4.4 < wyp;.

3. Orientational transitions and hysteresis
The existence conditions and hysteresis parameters (threshold values and loop width)

of the transition of the system from the initial homeotropically oriented state to a
non-homogeneous one and vice versa when the voltage value changes are determined
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Figure 3. Dependencies of the maximum angle 65, (a) of the director and critical values k¢, (b) on the
magnitude of the anchoring energy w. (a) U = 100 V. (b) k¢x1 — solid lines, k¢po — dashed lines. The hatching
corresponds to the presence of hysteresis. eq/¢) = 0.4 (1,1'),0.6 (2,2'),0.8 (3,3").

by the behavior of the system at its small deviations from the steady state # = 0. Let’s
consider the approximation of small angles #. From the linearized with respect to 6
equation (4) and from the boundary conditions (5), we obtain the strongest harmonic,
which is the first to become unstable, in the form of §(z) = 6,, cos[5¢(z/L — 1/2)].
Here 571 denotes the smallest positive root of the equation

tan(s/2) = w/, where P eaeJ_LQUQ/(47re||K3d2) (8)

and determines the threshold voltage U,y for the transition of the system from a
homeotropically oriented state to a non-homogeneous one.

Next, we substitute the mentioned solution 6(z) of the linearized problem into the
free energy F' (3) of the system and obtain an expansion of F' in the power series by
the maximum angle 6,, of director deviation: F' = af?, + 8602 /2 + 08 /3 + o(63)).
The coefficients «, 5, v of the expansion is not presented here due to complexity of
the expressions. The condition of the existence of hysteresis, as in [10], is given by the
inequality S|y=u,,, <0, which takes the form:

2(3€a/€H - Kl/Kg)%l + 8(ea/€|) sin se1 + (Kl/Kg + ea/e”) sin 231 > 0. (9)

Note that in the case of absolutely strong anchoring (w — o0), criterion (9) is in
agreement with the results in [6].

As can be seen from condition (9), the area of existence of hysteresis is determined
not only by the values of voltage U and anchoring energy w, but also by the values
of the parameter k = K;/K3. Fig. 3b shows numerically obtained dependences of the
critical value of the parameter k1 (values of k that correspond to S|y=r,,, = 0) on
the anchoring energy w for several values of the ratio ¢,/ €. Here, when k& < ki1
the transition between the homogeneous homeotropic and non-homogeneous states is
accompanied by hysteresis, and when k > k;,1— the hysteresis is absent. An increase
of the ratio €, /€ and a decrease of w leads to an expansion of range of the parameter k
for which the hysteresis occurs.

Similarly, considering small deviations of the system near the steady state with 8 =
7/2 we obtain the condition for the existence of hysteresis of the system transition
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Figure 4. (a) Propagation of SPP in the Au-PF-NLC system. (b) Voltage dependence of the effective re-
fractive index of the SPP. Ly = 100 nm, w = 10.

between the homogeneous planar and non-homogeneous states
—2(K3/K1 + 3eq/e1 )51 + 8(ea/e 1) sinh 3 + (K3/K1 — €4/€1 ) sinh 25 < 0. (10)
Here 371 denotes the smallest positive root of the equation
tan(3z/2) = w/(k3), where 3° = ese e L°U?/(4me] K1d®) (11)

and determines the value of the threshold Uy,o for the transition of the system from
a homogeneous planar state to a non-homogeneous one. Note that as the values w
increase, the threshold Uy,o increases and becomes infinitely large in the limit of ab-
solutely strong anchoring. Therefore, in this case, the system cannot transition to a
planar oriented state no matter what voltage is applied.

Dependencies of the critical value of the parameter k9 on the value w are shown
in Fig. 3b. Here for k > ks, the orientational transition between the homogeneous
planar and non-homogeneous states of the system is accompanied by hysteresis, while
at k < ko the hysteresis is absent. As the ratio €,/ € and the parameter w increase,
the range of parameter k for which the hysteresis is present expands.

Note that in the range ko < k < kg1 (under the condition kiypo < kypp) hys-
teresis is present for orientational transitions of the system both from a homogeneous
homeotropic state to a non-homogeneous state and from a non-homogeneous to a
homogeneous planar state and vice versa (see Fig. 3b). This regime in which both
hysteresis loops are observed is achieved when ¢,/ € 2 0.5. In the cases of k < kypo
and k > kg, only one hysteresis is present: for the orientational transition from a
homogeneous homeotropic state to a non-homogeneous state and from a homogeneous
planar to a non-homogeneous state, respectively. If €, /e” < 0.5 then kg < ko
and only one of the hysteresis of the orientational transition of the system is present
for k < kyp1 and k > kipo, with no hysteresis loops for ki1 < k < kgpo.

4. Surface plasmon oscillations at the NLC cell boundary

Let one of the substrates of the cell, which is a thin polymer film (PF) of thickness Lg,
contact a layer of metal, for example, gold. In such Au—PF-NLC system, a surface



plasmon polariton can be excited at the Au—PF interface under appropriate conditions
(see Fig. 4a). Let’s write the SPP electromagnetic field in the form of a monochromatic
wave of frequency w, E(r,t) = E(r)e”“! H(r,t) = H(r)e ™. The amplitude of the
oscillations of the electric and magnetic fields of the SPP decays exponentially with a
distance from the interface of SPP propagation. The medium in which SPP propagates
will be modeled as a three-layer optical system consisting of an isotropic homogeneous
dielectric — PF, in contact with semi-infinite layers of gold on one side and NLC on
the other. In order to take into account the effect of anisotropy and heterogeneity of
the NLC media on the propagation of SPP, we will use the perturbation theory [31].
In the zeroth approximation of this theory, we find the form of the electric E(r) and
magnetic H(r) fields of the SPP as solutions of the system of Maxwell’s equations in
a homogeneous isotropic media with dielectric permittivity

e0(2) = emx(—2) + eax(2), (12)

where ¢,,, £4 are the dielectric constants of the metal and polymer at the SPP propa-
gation frequency, respectively, x(t) = 0 if ¢t <=0 and x(¢) = 1 if ¢ > 0. Here, the axis
of the Cartesian coordinate system is directed toward the NLC, and the axis Oz is
oriented in the direction of SPP propagation along the Au—PF contact boundary. The
zeroth approximation for the SPP electric and magnetic field vectors takes the form

Eo(r) = (£iBrm,a, 0, —koy ) €™F, Ho(r) = (0, A, 0)e™r, (13)

where Ag is the amplitude factor, indices m, d denote metal (z < 0) and polymer
(z > 0), respectively. The components of the wave vector kg = (Kkoz, 0, xi53,,4) are
expressed in terms of dielectric permittivities €, 4:

W [ €4Em w £2 W €2
k; — , e J— 7”” s = — e E—— 14
0z = ¢ \ ea+em B e\l eitem fa c \/ €4+ Em (14)

Anisotropy and inhomogeneity of the NLC layer are taken into account as a per-
turbation, so that the dielectric constant of the considered three-layer system model
becomes

£(2) = eo(2)1 + nA&(2), where AZ(z) = [ca(n®n — 1/3) + sci] X(z — Lg). (15)

Here e, = ¢ — €1, €. = (e + 2¢))/3 — €4, €| and € are parallel and perpendicular
component of the dielectric permittivity tensor, respectively, of a homogeneous NLC
at the frequency w, n < 1.

Next, we find the solution of the system of Maxwell’s equations in the media with
the dielectric constant tensor £(z) (15). The SPP electric and magnetic field vectors
can be found as an expansion with respect to the small parameter 7:

E = E¢ + 7E; + o(1?), H = H, + nH; + o(n?), (16)

where the vectors Eg and Hy were found earlier (13) within the isotropic approxima-
tion, and the corrections E; and H; take into account the presence of the NLC layer.
Solving the equations for E; and H;j in the linear by n approximation we find the



correction to the zeroth approximation ngf F= ckoz/w of the effective refractive index
of SPP:

Neff = ‘ kox(l + Ke*w“Ld), (17)
w
where
K= EmEe — (a + 2?") Egnsa + EmEa — Emac? /sin2 [0(2 — Ld)]efwdz dz
2(catem)ea  6eq (el —e2)  2ea(ea—em) calea— €m)L
d

and can be calculated for an arbitrary director profile in the NLC layer. Fig. 4b shows
the calculated dependence of the effective refractive index of SPP on the applied volt-
age U. Calculations were made for the following values of the dielectric permittivities
of gold &, = —26.43, PF ¢4 = 2.81 and NLC E7 ¢ = n2, e, = n? (here n, = 1.71,
no = 1.51), which correspond to the wavelength of A = 800 nm [33,38].We note that
although in the presented theoretical study the layer of gold was considered semi-
infinite, the value of the dielectric constant of gold, taken for calculation, corresponds
to the experimentally measured in [33] for a gold film with a thickness of 40 nm.

When the applied voltage increases from 0 to Uy, the effective refractive index of
the SPP is constant n.ss ~ 1.78, since the NLC is oriented homeotropically across the
whole volume (see Fig. 5a). When the voltage U reaches the threshold value Uy, the
value n.ry undergoes a sudden decrease, which is a consequence of the orientational
transition of the NLC director field from the homeotropically oriented state to the
non-homogeneous one. A further increase of U leads to a gradual decrease of ncyy,
and when the voltage reaches the threshold value Uy, the value n.rs abruptly drops
to mepr ~ 1.71. Such a drop is caused by the orientational transition of the NLC
director from a non-homogeneous state to a uniform planar one. A further increase
in voltage does not change the values of n.sy, since the uniform orientation of the
director in the NLC layer is preserved. In general, an increase of the voltage U leads
to a decrease of n.f¢. This is explained by the fact that the director in the NLC layer
generally reorients from the homeotropic state to the planar state. At the same time,
the oscillations of the SPP electric field vector E, in particular in the direction of Oz,
feel a decrease of the refractive index of the NLC from n. to n,. When the voltage is
reduced, abrupt changes of n.rs of SPP occur at lower voltages U showing therefore
hysteresis-like behavior. Apparently, the two hysteresis of the dependence n.s¢(U) are
a consequence of the presence of hysteresis of dependence 0y(U) (Fig. 2b), since the
value n. sy of SPP is determined primarily by the value of the angle of the NLC director
near the surface where the SPP is excited. An increase of the anchoring energy w leads
to a shift of both hysteresis in the direction of higher voltage U. At the same time,
the amplitude of the hysteresis between homeotropic and non-homogeneous states
increases and the width of the other hysteresis decreases.

Fig. 5a shows the dependence of n. sy of SPP on the applied voltage for different SPP
wavelengths. As the wavelength increases, the range of values for n.ry expands and
shifts towards lower values of ny.

The dependence of the n.ys of SPP on the applied voltage for different PF thick-
nesses is shown in Fig. 5b. As the PF thickness increases, the range of values of n.ys
of SPP narrows. The point (U ~ 117 V, n.s¢ ~ 1.77) in the Fig. 5b, where the curves
corresponding to different PF thicknesses intersect, can be explained as follows. If the
value of the PF refractive index ny satisfies the condition n, < ng < ne, then there is
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Figure 5. Dependence of the effective refractive index of SPP on the applied voltage at different wave-
lengths (a) and polymer film thicknesses (b).

a distribution of the director field for which refractive index of the near-surface layer
of the NLC is close to ng. Under such conditions the dependence on the PF thickness
in the system disappears.

5. Summary

The electrically induced orientational instability of the director in the cell of a
homeotropically oriented NLC was theoretically investigated. It has been established
that when the value of the applied voltage increases from zero, orientational transi-
tions from the uniform homeotropic state to the non-homogeneous one, and then from
the non-homogeneous to the homogeneous planar state occur in the system. The in-
fluence of system parameters on these transitions, particularly the anchoring energy w
of the NLC with the surface, the ratios k = K1/K3 of elastic and €, /¢ dielectric con-
stants of NLC was investigated. The mentioned orientation transitions have thresholds
and may be accompanied by hysteresis. In the presence of the latter, when the volt-
age U reaches threshold values Uy, the system jumps from a homogeneous state to
a non-homogeneous state and vice versa. When the applied voltage decreases, the in-
verse transitions occur at lower threshold voltage values: Ugh < Uyy,. It was established
that the planar state is achieved only under the condition of finiteness of the anchor-
ing energy w and is unreachable in the case of absolutely strong anchoring. When the
anchoring energy w is changed at a constant voltage U, the non-homogeneous state
can be realized only with an increase in the value of the anchoring energy from the
region of weak anchoring w < 1. When the values w decrease from the region of strong
anchoring w 2 10, the system reorients from the homogeneous homeotropic state to
the planar state, bypassing the non-homogeneous state.

The existence conditions and parameters of the hysteresis of orientational transitions
of the system when the value of applied voltage is varied have been established. The
critical values ki1 and kypo of a parameter k have been established such that for k <
kin1 the orientational transition between the homeotropic and non-homogeneous states
is accompanied by hysteresis, and for & > ki1 there is no hysteresis. Similarly, the
hysteresis of the orientational transition of the system from the planar state to the
non-homogeneous state is present for k > ko and absent otherwise. As the value w of
the anchoring energy increases, the range of parameter k for which the hysteresis of the
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system transition from the homeotropic state to the non-homogeneous state is present
narrows, and expands for the transition from the planar state to the non-homogeneous
state. As the anchoring energy w increases, the amplitude of the hysteresis increases for
the transition between the homeotropic and non-homogeneous states, and the width
of the other hysteresis decreases.

For ratio ea/eH > 0.5 1n case of ko < k < k1 the transitions between all states have
a hysteresis (the double-hysteresis regime can occur only if kipo < kgp1). For k < ko
and k > kg1 there is only one of the hysteresis of the orientational transition: from
the homeotropic state to the non-homogeneous state and from the planar to the non-
homogeneous state, respectively. If ea/eH < 0.5, then the condition ki < ko iS
fulfilled and only one of the hysteresis of the orientational transition of the system is
present in the regions k < kip1 and k > kypo. Finally, for ki < k < ko there are no
hysteresis loops at all.

The influence of the external electric field changes on the parameters and conditions
of SPP propagation in the Au—polymer film—NLC system was considered. The value
of the effective refractive index n.s; of the SPP was calculated and its dependence
on the values of the applied voltage U, the thickness Ly of the polymer film and the
parameters of the NLC layer was investigated. It was established that the value of
the effective refractive index n.s; of SPP increases with an increase of the anchoring
energy w and with a decrease in the voltage U and wavelength A of the SPP. The
range of possible values of n.ry of SPP expands as the thickness Ly of the polymer
film decreases and the wavelength A increases.
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